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RealOpt, Inria Bordeaux Sud–Ouest
Arslan and Detienne 1 / 31
Outline Introduction Theoretical development Application to robust capital budgeting Numerical results Conclusion
1 Introduction
2 Theoretical development
3 Application to robust capital budgeting
4 Numerical results
5 Conclusion
Arslan and Detienne 2 / 31




3 Application to robust capital budgeting
4 Numerical results
5 Conclusion
Arslan and Detienne 3 / 31
Outline Introduction Theoretical development Application to robust capital budgeting Numerical results Conclusion
Static vs Two-stage robust optimization
Static model :
Decide x knowing only ξ ∈ Ξ Undertake decision x
t
Two-stage model :
Decide x knowing only ξ ∈ Ξ
t
Decide recourse y(x , ξ)
Actual outcome
ξ revealed
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LP (MIP) model [semi-infinite]
(CR) : min c>x + t
s.t. x ∈ X
t ≥ q(ξ)y(ξ) ∀ξ ∈ Ξ
T (ξ)x + W (ξ)y(ξ) ≤ h(ξ) ∀ξ ∈ Ξ
y(ξ) ∈ Y ∀ξ ∈ Ξ
x : first-stage decisions
t : cost of recourse
y(ξ) : recourse decisions
q(ξ),T (ξ),W (ξ), h(ξ) :
uncertainty revealed after
first-stage decisions are taken
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Literature review
1 Exact approaches: Often based on dual information or using a facial description of
the recourse polyhedron:
(i) Constraint generation: Atamturk and Zeng (2007), Thiele et al. (2009), Bertsimas et
al. (2013), Jiang et al. (2014), Zhen et al. (2018)
(ii) Constraint-and-Column generation: Ayoub and Poss (2016), Zhao and Zeng (2012),
Zeng and Zhao (2013)
(iii) Convexification-based : Kämmerling and Kurtz (2019)
2 Approximate approaches:
(i) Decision rules: Recourse decisions are restricted to be functions of uncertainty:
Ben-Tal et al. (2004), Chen and Zhang (2009), Goh and Sim (2010), Kuhn et al.
(2011), Vayanos et al. (2011), Georghiou et al. (2015), Bertsimas and Dunning
(2016), Bertsimas and Georghiou (2015,2018), Gorissen et al. (2015), Postek and den
Hertog (2016)
(ii) K -adaptability: K recourse decisions are selected at the first stage, optimization is
done over them in the second stage:
Hanasusanto et al. (2015), Subramanyam et al. (2017), Buchheim and Kurtz (2017)
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Our contribution
In this presentation:
We study a class of two-stage mixed binary robust optimization problems with
objective uncertainty
We present an exact solution method for these problems
Our method uses convexification and dualization as a tool for obtaining a
deterministic equivalent formulation
It uses branch-and-price algorithm to solve the resulting model
We numerically compare our algorithm with the approximate K -adaptability
approach
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1 Bounded mixed binary sets X ⊆ {0, 1}N1 × RN2+ , Y ⊆ {0, 1}M1 × R
M2
+
2 Bounded polyhedral set Ξ ⊆ RQ , affects only the objective function











with x1 ∈ {0, 1}L1 , y1 ∈ {0, 1}L2 .
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Reduction to a static robust problem
Proposition













Apply the minimax theorem on maxξ∈Ξ miny∈conv(Y(x)) ξ
>Qy
1 ξ>Qy is convex in y
2 ξ>Qy is concave in ξ
3 sets Ξ and conv(Y(x)) are convex by definition
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Enforcing y ∈ conv(Y(x))
In general we don’t have a compact description for conv(Y(x)).




We can write a disjunctive formulation! But most probably numerically inconvenient.
We identify some conditions where the disjunctive formulation can be avoided, and
exploit this more convenient structure.
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A computationally attractive relaxation





∣∣∣α ∈ ∆L} with ∆L = {α ∈ [0, 1]L∣∣∣∑Lj=1 αj = 1}
Ȳ(x) = conv(Y) ∩ {Hy1 ≤ d − Tx1} for x ∈ X
conv(Y(x)) = conv ({y ∈ Y | Hy1 ≤ d − Tx1})
Y
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Ȳ(x) = conv(Y) ∩ {Hy1 ≤ d − Tx1} for x ∈ X
conv(Y(x)) = conv ({y ∈ Y | Hy1 ≤ d − Tx1})
Y
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αj ȳ j1 ≤ d − Tx1
Now the inner maximization problem can be dualized to obtain a deterministic
equivalent formulation.
We can solve this formulation by column generation.
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A sufficient condition for equivalence conv(Y(x)) = Ȳ(x)
Y(x) = {y ∈ Y|Hy1 ≤ d − Tx1}
Ȳ(x) = {y ∈ conv(Y) | Hy1 ≤ d − Tx1} for x ∈ X
Proposition





y1 ≤ x1, y1 ≤ 1− x1, y1 ≥ x1 (robust knapsack problem with recourse)
1>y1 ≤ x1 (robust single machine scheduling - WIP)
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What if conv(Y(x)) 6= Ȳ(x)?
1 Add combinatorial Benders’ cuts
We may add cuts that forbid certain columns based on the first-stage solution
These cuts are non-robust cuts (they change col. gen. subproblem structure)
Updating the pricing problem is necessary
Seems numerically inefficient
2 Lift the recourse feasible region
Create a copy of the first-stage decisions in the recourse problem
Lets us fall back onto the previous column generation framework
Arslan and Detienne 14 / 31
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Lifting the recourse feasible region
Reformulate the recourse feasible region
Y ′(x) =
{
y ∈ Y, z ∈ {0, 1}L1
∣∣∣Hy ≤ d − Tz , z ≤ x1, z ≥ x1}
Let Y ′ =
{
y ∈ Y, z ∈ {0, 1}L1
∣∣Hy ≤ d − Tz}
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Two-stage robust capital budgeting (RCB) with loans
Variant of (RCB) introduced in Hanasusanto et al. (2015)
Investment budget B, which can be extended with loans at first and second stages.
Set of projects N = {1, . . . ,N}.
Each project has an investment cost ci and nominal profit p̄i .
M risk factors, whose values are denoted by ξ ∈ Ξ.
Actual profit is p̃i (ξ) = (1 + Q
>
i ξ/2)p̄i for i ∈ N .
First-stage decisions:
(i) take out loan (amount C1) or not,
(ii) choose a subset of projects.
Uncertainty: risks factors ξ ∈ Ξ are known, revealing p̃i (ξ).
After observing the risk factors, late investments are possible:
(i) take out loan (amount C2) or not,
(ii) choose more projects, which have a degraded profit f p̃i (ξ), with f ∈ [0, 1).
Arslan and Detienne 17 / 31
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Mathematical formulation
x0: the decision to take out an early loan
xi : the decision to invest in a project at first stage
y0: the decision to take out a late loan
yi : the decision to invest in a project at first or second stage
ξ ∈ Ξ = [−1, 1]M









Fi (x , ξ, y)− λx0 − λµy0
where
Fi (x , ξ, y) =

0 if xi = yi = 0
pi (ξ) if xi = yi = 1
f pi (ξ) if xi = 0 and yi = 1
Note: Fi can easily be linearized.
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Mathematical formulation
x0: the decision to take out an early loan
xi : the decision to invest in a project at first stage
y0: the decision to take out a late loan
yi : the decision to invest in a project at first or second stage
ξ ∈ Ξ = [−1, 1]M













(x , x0) ∈ {0, 1}N+1
∣∣∣ c>x − C1x0 ≤ B}
Y(x , x0) =
{
(y , y0) ∈ {0, 1}N+1
c>y − C2y0 ≤ B + C1x0
yi ≥ xi ∀i ∈ N
}
.
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Non-tight relaxation: Ȳ(x , x0) 6= conv(Y(x , x0))
Y(x , x0) =
{
y ∈ {0, 1}2 2y1 + 2y2 ≤ 3 + x0




y 3conv(Y(0, 0, 0))
Ȳ(0, 0, 0)
Consider x∗ = (0, 0, 0):
y 1 = (1, 0) is feasible for x∗
y 2 = (1, 1) is not feasible for x∗
y 3 = 1
2
(y 1 + y 2) ∈ Ȳ(0, 0, 0) but y 3 /∈ conv(Y(0, 0, 0))
Second-stage fractional solution y 3 can only be made from the infeasible solution y 2
Arslan and Detienne 19 / 31
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An alternative formulation through lifting
Y ′(x , x0) =
 (y , z) ∈ {0, 1}3
2y1 + 2y2 ≤ 3 + z0






conv(Y ′(0, 0, 0))
Ȳ ′(0, 0, 0) = conv(Y ′) ∩ {(y , z0)|z0 = 0}
Consider x∗ = (0, 0, 0):
y 1 = (1, 0, ρ) is feasible for x∗
y 2 = (1, 1, 1) ∈ Y ′
y 3 = 1
2
(y 1 + y 2) = (1, 0.5, 0.5 + ρ/2) /∈ Ȳ ′(x∗)
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An alternative formulation through lifting
Add a copy of x0 to the recourse feasible region
Y ′(x , x0) =
 (y , y0, z0) ∈ {0, 1}N+2 c
>y ≤ B + C1z0 + C2y0
yi ≥ xi ∀i ∈ N
z0 = x0
 .
The constraint c>y ≤ B + C1z0 + C2y0 is now purely recourse.
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Column generation subproblem













The pricing problem takes the form,
−κ+ max
(y,y0,z0)∈Y′




with Y ′ =
{
(y , y0, z0) ∈ {0, 1}N+2 | c>y ≤ B + C1z0 + C2y0
}
and c̃ the reduced costs,
which is a classical knapsack problem (by substituting ȳ0 = 1− y0 and z̄0 = 1− z0).
Remark
The subproblem can be solved through a dynamic programming algorithm.
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Instance Generation
Instances inspired by those presented in Hanasusanto et al. (2015).
For given number of items N, and parameters R = 100 and H = 100,
h ∈ {20, 40, 60, 80}
Costs ci for i ∈ N : uniformly from the interval [1,R]
Nominal profits: p̄ = c/5




Postponed investments generate %80 of the profits, that is f = 0.8.
The loans C1 and C2: %20 of the initial budget B
Interest values: λ = 0.12
5
and µ = 1.2.
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Experimental setting
We compare the performance of a branch-and-price algorithm solving our lifted-recourse
reformulation with solving 2- and 3-adaptability models with a commercial solver.
Generic Branch-and-Price algorithm implemented in C++ (BaPCod library)
Stabilization of column generation by smoothing of dual variables
Choice of first-stage variables to branch on with strong branching
Primal diving heuristic
Single-threaded
Column generation subproblems are solved by straightforward array-based
label-correcting algorithm
No other problem-specific development
(MI)LP models are solved using IMB ILOG Cplex 12.9 through C++ Concert
Library with default settings (4 threads)
All tests are run on a 4-core Linux machine equipped with 20 GB RAM.
The time limit is 1 hour for each run.
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Solution time and scalability


















Number of instances solved by each method through time.
60 instances for each N ∈ {10, 20, 30, 40, 50, 100}.
Our B&P is 2 to 4 orders of magnitude faster than MILP solver on 2- and 3-adapt models
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Solution time and scalability
Number of instances solved to convergence by each method within one hour.
N = 10 N = 20 N = 30 N = 40 N = 50 N = 100
B&P 60 60 58 55 60 57
2-Adapt 60 60 21 15 7 0
3-Adapt 60 31 13 0 0 0
K -adaptable models are hard to solve because of their poor linear relaxation
Our B&P scales well, but fails at solving some relatively small-size instances
Typical relative gap after a few minutes: 10−3 or less.
Probably suffers from many good infeasible solutions of the first-stage problem linear
relaxation (add cuts?).
Arslan and Detienne 27 / 31
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Full adjustability VS K-adaptability
Number of instances categorized by the number of active columns in the best primal
solution reported by the branch-and-price algorithm.
N = 10 N = 20 N = 30 N = 40 N = 50 N = 100
K=1 33 17 16 14 10 10
K=2 18 19 3 4 6 5
K=3 5 8 6 4 0 0
K=4 2 11 13 3 5 1
K=[5,9] 2 5 22 35 39 44
A number of instances admit robust static optimal solutions
For larger instances, 2- and 3-adaptable solutions are (most probably) not optimal
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Full adjustability VS K-adaptability
Only instances with at least 3 columns in optimal solutions are considered.
Gaps between the best primal solutions provided by the K -adaptability method and the
branch-and-price algorithm.
N = 10 N = 20 N = 30 N = 40 N = 50 N = 100
Avg 2-Adapt (%) 1.91 0.27 0.38 0.44 0.32 0.12
Max 2-Adapt (%) 6.29 1.36 1.50 2.01 1.20 0.50
Avg 3-Adapt (%) 0.28 0.19 0.61 0.44 0.35 0.14
Max 3-Adapt (%) 0.99 1.97 3.57 1.43 1.09 0.75
Gap = 2
Best K-adapt solution− Best B&P solution
Best B&P solution + Best B&P solution
K-adaptable models turn out to be very good approximations of the fully adjustable
problem
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Conclusions and future work
1 Conclusions:
We study a special class of two-stage binary robust optimization problems with
objective uncertainty.
Single-stage relaxation that can be solved using column generation approaches.
Special case where the relaxation is tight, and a technique to reduce to this case.
Application to a version of the two-stage robust capital budgeting problem.
Computational results that show the effectiveness of the column generation approach.
2 Future Work:
Extend the computational results to different problems.
Done: Similar computational results on a two-stage robust knapsack problem.
Develop other techniques for non-tight relaxation.
3 Room for problem-specific improvements:
Master program/First-stage formulation reinforcement (KSP cover cuts,
dominances. . . )
Efficient solver for column generation pricing problems. . .
Generate batches of columns instead of a single one. . .
Available on Optimization Online:
“Decomposition-based approaches for a class of two-stage robust binary optimization problems”
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Disjunctive MIP reformulation
x i for i ∈ K = {1, . . . ,K}: extreme point solutions of proj{0,1}N1 X
ȳ j for j ∈ L = {1, . . . , L}: extreme point solutions of Y
Li = {j ∈ L | Hȳ j1 ≤ d − Tx
i
1} for i = 1, . . . ,K .
∆n =
{
α ∈ [0, 1]n
∣∣∣∑nj=1 αj = 1}, for n ∈ N: n-dimensional simplex
Proposition




∣∣∣α ∈ ∆|Li |} for i ∈ K.

















Ix i = 1⇔ x = x
i ∀i ∈ K
Ix i ∈ {0, 1} ∀i ∈ K,αi ∈ [0, 1]
|Li | ∀i ∈ K, x ∈ X
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A sufficient condition for equivalence conv(Y(x)) = Ȳ(x)
Y(x) = {y ∈ Y|Hy1 ≤ d − Tx1,Ay ≤ b}
Ȳ(x) = conv(Y) ∩ {y |Hy1 ≤ d − Tx1} for x ∈ X
Proposition





Under the given assumptions, Y(x) = {y ∈ Y|y1 ≤ x1,Ay ≤ b}.












So there is a linking constraint i and k ∈ J such that ȳ ki > xi and αk > 0.





j ≥ αk ȳ ki = αk > 0 = xi
That contradicts y ∈ Ȳ(x)→ Ȳ(x) ⊆ conv(Y(x)).
Arslan and Detienne 2 / 4
Reformulation through enumeration






























s.t. Θ ≤ θi ∀i = 1, . . . , |X 0|
θ







∈ Y(x i )
ξ
i ∈ Ξ ∀i = 1, . . . , |X 0|
c>x i =
∑
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An instructive example





(−3 + 2.5ξ)y1 + (1− 4ξ)y2 + (−4 + 6ξ)y3
s.t. y1 + y2 + y3 ≤ x
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<latexit sha1_base64="Nmzqh/KJmGLnGvFwYhol7bs+pdM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBiyUrBT0WvHisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWIy/vcLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmallvBOolmJA4Fa4fjm5nffmTacCXv7SRhQUyGkkecEuukln9R6z3xfrmCq3gOtEr8nFQgR6Nf/uoNFE1jJi0VxJiujxMbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3TmlAGKlHYlLZqrvycyEhsziUPXGRM7MsveTPzP66Y2ug4yLpPUMkkXi6JUIKvQ7HU04JpRKyaOEKq5uxXREdGEWhdQyYXgL7+8SlqXVR9X/btapY7zOIpwAqdwDj5cQR1uoQFNoPAAz/AKb57yXrx372PRWvDymWP4A+/zB6TVjnM=</latexit><latexit sha1_base64="Nmzqh/KJmGLnGvFwYhol7bs+pdM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBiyUrBT0WvHisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWIy/vcLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmallvBOolmJA4Fa4fjm5nffmTacCXv7SRhQUyGkkecEuukln9R6z3xfrmCq3gOtEr8nFQgR6Nf/uoNFE1jJi0VxJiujxMbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3TmlAGKlHYlLZqrvycyEhsziUPXGRM7MsveTPzP66Y2ug4yLpPUMkkXi6JUIKvQ7HU04JpRKyaOEKq5uxXREdGEWhdQyYXgL7+8SlqXVR9X/btapY7zOIpwAqdwDj5cQR1uoQFNoPAAz/AKb57yXrx372PRWvDymWP4A+/zB6TVjnM=</latexit><latexit sha1_base64="Nmzqh/KJmGLnGvFwYhol7bs+pdM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBiyUrBT0WvHisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWIy/vcLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmallvBOolmJA4Fa4fjm5nffmTacCXv7SRhQUyGkkecEuukln9R6z3xfrmCq3gOtEr8nFQgR6Nf/uoNFE1jJi0VxJiujxMbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3TmlAGKlHYlLZqrvycyEhsziUPXGRM7MsveTPzP66Y2ug4yLpPUMkkXi6JUIKvQ7HU04JpRKyaOEKq5uxXREdGEWhdQyYXgL7+8SlqXVR9X/btapY7zOIpwAqdwDj5cQR1uoQFNoPAAz/AKb57yXrx372PRWvDymWP4A+/zB6TVjnM=</latexit><latexit sha1_base64="Nmzqh/KJmGLnGvFwYhol7bs+pdM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBiyUrBT0WvHisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWIy/vcLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmallvBOolmJA4Fa4fjm5nffmTacCXv7SRhQUyGkkecEuukln9R6z3xfrmCq3gOtEr8nFQgR6Nf/uoNFE1jJi0VxJiujxMbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3TmlAGKlHYlLZqrvycyEhsziUPXGRM7MsveTPzP66Y2ug4yLpPUMkkXi6JUIKvQ7HU04JpRKyaOEKq5uxXREdGEWhdQyYXgL7+8SlqXVR9X/btapY7zOIpwAqdwDj5cQR1uoQFNoPAAz/AKb57yXrx372PRWvDymWP4A+/zB6TVjnM=</latexit>
⇠ = 0
<latexit sha1_base64="kIJn7PP0g8eAoC8u2kAd9QvLTZw=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh4MVjBbcttEvJptk2NJssSVYsS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZF6WCG4vxt1daW9/Y3CpvV3Z29/YPqodHLaMyTVlAlVC6ExHDBJcssNwK1kk1I0kkWDsa38789iPThiv5YCcpCxMylDzmlFgnBb0nfoP71Rqu4znQKvELUoMCzX71qzdQNEuYtFQQY7o+Tm2YE205FWxa6WWGpYSOyZB1HZUkYSbM58dO0ZlTBihW2pW0aK7+nshJYswkiVxnQuzILHsz8T+vm9n4Osy5TDPLJF0sijOBrEKzz9GAa0atmDhCqObuVkRHRBNqXT4VF4K//PIqaV3UfVz37y9rDVzEUYYTOIVz8OEKGnAHTQiAAodneIU3T3ov3rv3sWgtecXMMfyB9/kDSEeORA==</latexit><latexit sha1_base64="kIJn7PP0g8eAoC8u2kAd9QvLTZw=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh4MVjBbcttEvJptk2NJssSVYsS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZF6WCG4vxt1daW9/Y3CpvV3Z29/YPqodHLaMyTVlAlVC6ExHDBJcssNwK1kk1I0kkWDsa38789iPThiv5YCcpCxMylDzmlFgnBb0nfoP71Rqu4znQKvELUoMCzX71qzdQNEuYtFQQY7o+Tm2YE205FWxa6WWGpYSOyZB1HZUkYSbM58dO0ZlTBihW2pW0aK7+nshJYswkiVxnQuzILHsz8T+vm9n4Osy5TDPLJF0sijOBrEKzz9GAa0atmDhCqObuVkRHRBNqXT4VF4K//PIqaV3UfVz37y9rDVzEUYYTOIVz8OEKGnAHTQiAAodneIU3T3ov3rv3sWgtecXMMfyB9/kDSEeORA==</latexit><latexit sha1_base64="kIJn7PP0g8eAoC8u2kAd9QvLTZw=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh4MVjBbcttEvJptk2NJssSVYsS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZF6WCG4vxt1daW9/Y3CpvV3Z29/YPqodHLaMyTVlAlVC6ExHDBJcssNwK1kk1I0kkWDsa38789iPThiv5YCcpCxMylDzmlFgnBb0nfoP71Rqu4znQKvELUoMCzX71qzdQNEuYtFQQY7o+Tm2YE205FWxa6WWGpYSOyZB1HZUkYSbM58dO0ZlTBihW2pW0aK7+nshJYswkiVxnQuzILHsz8T+vm9n4Osy5TDPLJF0sijOBrEKzz9GAa0atmDhCqObuVkRHRBNqXT4VF4K//PIqaV3UfVz37y9rDVzEUYYTOIVz8OEKGnAHTQiAAodneIU3T3ov3rv3sWgtecXMMfyB9/kDSEeORA==</latexit><latexit sha1_base64="kIJn7PP0g8eAoC8u2kAd9QvLTZw=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh4MVjBbcttEvJptk2NJssSVYsS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZF6WCG4vxt1daW9/Y3CpvV3Z29/YPqodHLaMyTVlAlVC6ExHDBJcssNwK1kk1I0kkWDsa38789iPThiv5YCcpCxMylDzmlFgnBb0nfoP71Rqu4znQKvELUoMCzX71qzdQNEuYtFQQY7o+Tm2YE205FWxa6WWGpYSOyZB1HZUkYSbM58dO0ZlTBihW2pW0aK7+nshJYswkiVxnQuzILHsz8T+vm9n4Osy5TDPLJF0sijOBrEKzz9GAa0atmDhCqObuVkRHRBNqXT4VF4K//PIqaV3UfVz37y9rDVzEUYYTOIVz8OEKGnAHTQiAAodneIU3T3ov3rv3sWgtecXMMfyB9/kDSEeORA==</latexit>
⇠ = 1
<latexit sha1_base64="vRghML2/485W9eJ+RX9Q0iOmclQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDvz249cG5GoB5ykPIjpUIlIMIpW8ntP4sbrV2tu3Z2DrBKvIDUo0OxXv3qDhGUxV8gkNabruSkGOdUomOTTSi8zPKVsTIe8a6miMTdBPj92Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzz8lAaM5QTiyhTAt7K2EjqilDm0/FhuAtv7xKWhd1z61795e1hlvEUYYTOIVz8OAKGnAHTfCBgYBneIU3RzkvzrvzsWgtOcXMMfyB8/kDScuORQ==</latexit><latexit sha1_base64="vRghML2/485W9eJ+RX9Q0iOmclQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDvz249cG5GoB5ykPIjpUIlIMIpW8ntP4sbrV2tu3Z2DrBKvIDUo0OxXv3qDhGUxV8gkNabruSkGOdUomOTTSi8zPKVsTIe8a6miMTdBPj92Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzz8lAaM5QTiyhTAt7K2EjqilDm0/FhuAtv7xKWhd1z61795e1hlvEUYYTOIVz8OAKGnAHTfCBgYBneIU3RzkvzrvzsWgtOcXMMfyB8/kDScuORQ==</latexit><latexit sha1_base64="vRghML2/485W9eJ+RX9Q0iOmclQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDvz249cG5GoB5ykPIjpUIlIMIpW8ntP4sbrV2tu3Z2DrBKvIDUo0OxXv3qDhGUxV8gkNabruSkGOdUomOTTSi8zPKVsTIe8a6miMTdBPj92Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzz8lAaM5QTiyhTAt7K2EjqilDm0/FhuAtv7xKWhd1z61795e1hlvEUYYTOIVz8OAKGnAHTfCBgYBneIU3RzkvzrvzsWgtOcXMMfyB8/kDScuORQ==</latexit><latexit sha1_base64="vRghML2/485W9eJ+RX9Q0iOmclQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDvz249cG5GoB5ykPIjpUIlIMIpW8ntP4sbrV2tu3Z2DrBKvIDUo0OxXv3qDhGUxV8gkNabruSkGOdUomOTTSi8zPKVsTIe8a6miMTdBPj92Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzz8lAaM5QTiyhTAt7K2EjqilDm0/FhuAtv7xKWhd1z61795e1hlvEUYYTOIVz8OAKGnAHTfCBgYBneIU3RzkvzrvzsWgtOcXMMfyB8/kDScuORQ==</latexit>
⇠
<latexit sha1_base64="Il4eTZ1Gl9OHNJ20i62zG2KdCus=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8eKpi20oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8PxzcxvP3JtRKIecJLyIKZDJSLBKFrpvvck+tWaW3fnIKvEK0gNCjT71a/eIGFZzBUySY3pem6KQU41Cib5tNLLDE8pG9Mh71qqaMxNkM9PnZIzqwxIlGhbCslc/T2R09iYSRzazpjiyCx7M/E/r5thdB3kQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSF4yy+vktZF3XPr3t1lreEWcZThBE7hHDy4ggbcQhN8YDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A1Z7jcM=</latexit><latexit sha1_base64="Il4eTZ1Gl9OHNJ20i62zG2KdCus=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8eKpi20oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8PxzcxvP3JtRKIecJLyIKZDJSLBKFrpvvck+tWaW3fnIKvEK0gNCjT71a/eIGFZzBUySY3pem6KQU41Cib5tNLLDE8pG9Mh71qqaMxNkM9PnZIzqwxIlGhbCslc/T2R09iYSRzazpjiyCx7M/E/r5thdB3kQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSF4yy+vktZF3XPr3t1lreEWcZThBE7hHDy4ggbcQhN8YDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A1Z7jcM=</latexit><latexit sha1_base64="Il4eTZ1Gl9OHNJ20i62zG2KdCus=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8eKpi20oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8PxzcxvP3JtRKIecJLyIKZDJSLBKFrpvvck+tWaW3fnIKvEK0gNCjT71a/eIGFZzBUySY3pem6KQU41Cib5tNLLDE8pG9Mh71qqaMxNkM9PnZIzqwxIlGhbCslc/T2R09iYSRzazpjiyCx7M/E/r5thdB3kQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSF4yy+vktZF3XPr3t1lreEWcZThBE7hHDy4ggbcQhN8YDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A1Z7jcM=</latexit><latexit sha1_base64="Il4eTZ1Gl9OHNJ20i62zG2KdCus=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8eKpi20oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8PxzcxvP3JtRKIecJLyIKZDJSLBKFrpvvck+tWaW3fnIKvEK0gNCjT71a/eIGFZzBUySY3pem6KQU41Cib5tNLLDE8pG9Mh71qqaMxNkM9PnZIzqwxIlGhbCslc/T2R09iYSRzazpjiyCx7M/E/r5thdB3kQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSF4yy+vktZF3XPr3t1lreEWcZThBE7hHDy4ggbcQhN8YDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A1Z7jcM=</latexit>
Optimal solution is x = y1 = 1, y2 = y3 = 0, with objective value −0.5.
Arslan and Detienne 4 / 4
An instructive example







(−3 + 2.5ξ)y1 + (1− 4ξ)y2 + (−4 + 6ξ)y3
s.t. y1 + y2 + y3 ≤ x










<latexit sha1_base64="0dY/0SVomO2ok/y/c5hVFxBuro0=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4sWSlqMeCF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIbi/G3t7K6tr6xWdgqbu/s7u2XDg6bRqWasgZVQul2SAwTXLKG5VawdqIZiUPBWuHoZuq3Hpk2XMl7O05YEJOB5BGnxDqpWT2/7D7xXqmMK3gGtEz8nJQhR71X+ur2FU1jJi0VxJiOjxMbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3TqlD6KlHYlLZqpvycyEhszjkPXGRM7NIveVPzP66Q2ug4yLpPUMknni6JUIKvQ9HXU55pRK8aOEKq5uxXRIdGEWhdQ0YXgL768TJoXFR9X/LtquYbzOApwDCdwBj5cQQ1uoQ4NoPAAz/AKb57yXrx372PeuuLlM0fwB97nD6x+jng=</latexit><latexit sha1_base64="0dY/0SVomO2ok/y/c5hVFxBuro0=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4sWSlqMeCF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIbi/G3t7K6tr6xWdgqbu/s7u2XDg6bRqWasgZVQul2SAwTXLKG5VawdqIZiUPBWuHoZuq3Hpk2XMl7O05YEJOB5BGnxDqpWT2/7D7xXqmMK3gGtEz8nJQhR71X+ur2FU1jJi0VxJiOjxMbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3TqlD6KlHYlLZqpvycyEhszjkPXGRM7NIveVPzP66Q2ug4yLpPUMknni6JUIKvQ9HXU55pRK8aOEKq5uxXRIdGEWhdQ0YXgL768TJoXFR9X/LtquYbzOApwDCdwBj5cQQ1uoQ4NoPAAz/AKb57yXrx372PeuuLlM0fwB97nD6x+jng=</latexit><latexit sha1_base64="0dY/0SVomO2ok/y/c5hVFxBuro0=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4sWSlqMeCF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIbi/G3t7K6tr6xWdgqbu/s7u2XDg6bRqWasgZVQul2SAwTXLKG5VawdqIZiUPBWuHoZuq3Hpk2XMl7O05YEJOB5BGnxDqpWT2/7D7xXqmMK3gGtEz8nJQhR71X+ur2FU1jJi0VxJiOjxMbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3TqlD6KlHYlLZqpvycyEhszjkPXGRM7NIveVPzP66Q2ug4yLpPUMknni6JUIKvQ9HXU55pRK8aOEKq5uxXRIdGEWhdQ0YXgL768TJoXFR9X/LtquYbzOApwDCdwBj5cQQ1uoQ4NoPAAz/AKb57yXrx372PeuuLlM0fwB97nD6x+jng=</latexit><latexit sha1_base64="0dY/0SVomO2ok/y/c5hVFxBuro0=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4sWSlqMeCF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIbi/G3t7K6tr6xWdgqbu/s7u2XDg6bRqWasgZVQul2SAwTXLKG5VawdqIZiUPBWuHoZuq3Hpk2XMl7O05YEJOB5BGnxDqpWT2/7D7xXqmMK3gGtEz8nJQhR71X+ur2FU1jJi0VxJiOjxMbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3TqlD6KlHYlLZqpvycyEhszjkPXGRM7NIveVPzP66Q2ug4yLpPUMknni6JUIKvQ9HXU55pRK8aOEKq5uxXRIdGEWhdQ0YXgL768TJoXFR9X/LtquYbzOApwDCdwBj5cQQ1uoQ4NoPAAz/AKb57yXrx372PeuuLlM0fwB97nD6x+jng=</latexit>
1 
4⇠
<latexit sha1_base64="Nmzqh/KJmGLnGvFwYhol7bs+pdM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBiyUrBT0WvHisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWIy/vcLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmallvBOolmJA4Fa4fjm5nffmTacCXv7SRhQUyGkkecEuukln9R6z3xfrmCq3gOtEr8nFQgR6Nf/uoNFE1jJi0VxJiujxMbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3TmlAGKlHYlLZqrvycyEhsziUPXGRM7MsveTPzP66Y2ug4yLpPUMkkXi6JUIKvQ7HU04JpRKyaOEKq5uxXREdGEWhdQyYXgL7+8SlqXVR9X/btapY7zOIpwAqdwDj5cQR1uoQFNoPAAz/AKb57yXrx372PRWvDymWP4A+/zB6TVjnM=</latexit><latexit sha1_base64="Nmzqh/KJmGLnGvFwYhol7bs+pdM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBiyUrBT0WvHisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWIy/vcLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmallvBOolmJA4Fa4fjm5nffmTacCXv7SRhQUyGkkecEuukln9R6z3xfrmCq3gOtEr8nFQgR6Nf/uoNFE1jJi0VxJiujxMbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3TmlAGKlHYlLZqrvycyEhsziUPXGRM7MsveTPzP66Y2ug4yLpPUMkkXi6JUIKvQ7HU04JpRKyaOEKq5uxXREdGEWhdQyYXgL7+8SlqXVR9X/btapY7zOIpwAqdwDj5cQR1uoQFNoPAAz/AKb57yXrx372PRWvDymWP4A+/zB6TVjnM=</latexit><latexit sha1_base64="Nmzqh/KJmGLnGvFwYhol7bs+pdM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBiyUrBT0WvHisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWIy/vcLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmallvBOolmJA4Fa4fjm5nffmTacCXv7SRhQUyGkkecEuukln9R6z3xfrmCq3gOtEr8nFQgR6Nf/uoNFE1jJi0VxJiujxMbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3TmlAGKlHYlLZqrvycyEhsziUPXGRM7MsveTPzP66Y2ug4yLpPUMkkXi6JUIKvQ7HU04JpRKyaOEKq5uxXREdGEWhdQyYXgL7+8SlqXVR9X/btapY7zOIpwAqdwDj5cQR1uoQFNoPAAz/AKb57yXrx372PRWvDymWP4A+/zB6TVjnM=</latexit><latexit sha1_base64="Nmzqh/KJmGLnGvFwYhol7bs+pdM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBiyUrBT0WvHisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWIy/vcLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmallvBOolmJA4Fa4fjm5nffmTacCXv7SRhQUyGkkecEuukln9R6z3xfrmCq3gOtEr8nFQgR6Nf/uoNFE1jJi0VxJiujxMbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3TmlAGKlHYlLZqrvycyEhsziUPXGRM7MsveTPzP66Y2ug4yLpPUMkkXi6JUIKvQ7HU04JpRKyaOEKq5uxXREdGEWhdQyYXgL7+8SlqXVR9X/btapY7zOIpwAqdwDj5cQR1uoQFNoPAAz/AKb57yXrx372PRWvDymWP4A+/zB6TVjnM=</latexit>
⇠ = 0
<latexit sha1_base64="kIJn7PP0g8eAoC8u2kAd9QvLTZw=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh4MVjBbcttEvJptk2NJssSVYsS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZF6WCG4vxt1daW9/Y3CpvV3Z29/YPqodHLaMyTVlAlVC6ExHDBJcssNwK1kk1I0kkWDsa38789iPThiv5YCcpCxMylDzmlFgnBb0nfoP71Rqu4znQKvELUoMCzX71qzdQNEuYtFQQY7o+Tm2YE205FWxa6WWGpYSOyZB1HZUkYSbM58dO0ZlTBihW2pW0aK7+nshJYswkiVxnQuzILHsz8T+vm9n4Osy5TDPLJF0sijOBrEKzz9GAa0atmDhCqObuVkRHRBNqXT4VF4K//PIqaV3UfVz37y9rDVzEUYYTOIVz8OEKGnAHTQiAAodneIU3T3ov3rv3sWgtecXMMfyB9/kDSEeORA==</latexit><latexit sha1_base64="kIJn7PP0g8eAoC8u2kAd9QvLTZw=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh4MVjBbcttEvJptk2NJssSVYsS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZF6WCG4vxt1daW9/Y3CpvV3Z29/YPqodHLaMyTVlAlVC6ExHDBJcssNwK1kk1I0kkWDsa38789iPThiv5YCcpCxMylDzmlFgnBb0nfoP71Rqu4znQKvELUoMCzX71qzdQNEuYtFQQY7o+Tm2YE205FWxa6WWGpYSOyZB1HZUkYSbM58dO0ZlTBihW2pW0aK7+nshJYswkiVxnQuzILHsz8T+vm9n4Osy5TDPLJF0sijOBrEKzz9GAa0atmDhCqObuVkRHRBNqXT4VF4K//PIqaV3UfVz37y9rDVzEUYYTOIVz8OEKGnAHTQiAAodneIU3T3ov3rv3sWgtecXMMfyB9/kDSEeORA==</latexit><latexit sha1_base64="kIJn7PP0g8eAoC8u2kAd9QvLTZw=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh4MVjBbcttEvJptk2NJssSVYsS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZF6WCG4vxt1daW9/Y3CpvV3Z29/YPqodHLaMyTVlAlVC6ExHDBJcssNwK1kk1I0kkWDsa38789iPThiv5YCcpCxMylDzmlFgnBb0nfoP71Rqu4znQKvELUoMCzX71qzdQNEuYtFQQY7o+Tm2YE205FWxa6WWGpYSOyZB1HZUkYSbM58dO0ZlTBihW2pW0aK7+nshJYswkiVxnQuzILHsz8T+vm9n4Osy5TDPLJF0sijOBrEKzz9GAa0atmDhCqObuVkRHRBNqXT4VF4K//PIqaV3UfVz37y9rDVzEUYYTOIVz8OEKGnAHTQiAAodneIU3T3ov3rv3sWgtecXMMfyB9/kDSEeORA==</latexit><latexit sha1_base64="kIJn7PP0g8eAoC8u2kAd9QvLTZw=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh4MVjBbcttEvJptk2NJssSVYsS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZF6WCG4vxt1daW9/Y3CpvV3Z29/YPqodHLaMyTVlAlVC6ExHDBJcssNwK1kk1I0kkWDsa38789iPThiv5YCcpCxMylDzmlFgnBb0nfoP71Rqu4znQKvELUoMCzX71qzdQNEuYtFQQY7o+Tm2YE205FWxa6WWGpYSOyZB1HZUkYSbM58dO0ZlTBihW2pW0aK7+nshJYswkiVxnQuzILHsz8T+vm9n4Osy5TDPLJF0sijOBrEKzz9GAa0atmDhCqObuVkRHRBNqXT4VF4K//PIqaV3UfVz37y9rDVzEUYYTOIVz8OEKGnAHTQiAAodneIU3T3ov3rv3sWgtecXMMfyB9/kDSEeORA==</latexit>
⇠ = 1
<latexit sha1_base64="vRghML2/485W9eJ+RX9Q0iOmclQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDvz249cG5GoB5ykPIjpUIlIMIpW8ntP4sbrV2tu3Z2DrBKvIDUo0OxXv3qDhGUxV8gkNabruSkGOdUomOTTSi8zPKVsTIe8a6miMTdBPj92Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzz8lAaM5QTiyhTAt7K2EjqilDm0/FhuAtv7xKWhd1z61795e1hlvEUYYTOIVz8OAKGnAHTfCBgYBneIU3RzkvzrvzsWgtOcXMMfyB8/kDScuORQ==</latexit><latexit sha1_base64="vRghML2/485W9eJ+RX9Q0iOmclQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDvz249cG5GoB5ykPIjpUIlIMIpW8ntP4sbrV2tu3Z2DrBKvIDUo0OxXv3qDhGUxV8gkNabruSkGOdUomOTTSi8zPKVsTIe8a6miMTdBPj92Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzz8lAaM5QTiyhTAt7K2EjqilDm0/FhuAtv7xKWhd1z61795e1hlvEUYYTOIVz8OAKGnAHTfCBgYBneIU3RzkvzrvzsWgtOcXMMfyB8/kDScuORQ==</latexit><latexit sha1_base64="vRghML2/485W9eJ+RX9Q0iOmclQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDvz249cG5GoB5ykPIjpUIlIMIpW8ntP4sbrV2tu3Z2DrBKvIDUo0OxXv3qDhGUxV8gkNabruSkGOdUomOTTSi8zPKVsTIe8a6miMTdBPj92Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzz8lAaM5QTiyhTAt7K2EjqilDm0/FhuAtv7xKWhd1z61795e1hlvEUYYTOIVz8OAKGnAHTfCBgYBneIU3RzkvzrvzsWgtOcXMMfyB8/kDScuORQ==</latexit><latexit sha1_base64="vRghML2/485W9eJ+RX9Q0iOmclQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6e0tr6xuVXeruzs7u0fVA+PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDvz249cG5GoB5ykPIjpUIlIMIpW8ntP4sbrV2tu3Z2DrBKvIDUo0OxXv3qDhGUxV8gkNabruSkGOdUomOTTSi8zPKVsTIe8a6miMTdBPj92Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzz8lAaM5QTiyhTAt7K2EjqilDm0/FhuAtv7xKWhd1z61795e1hlvEUYYTOIVz8OAKGnAHTfCBgYBneIU3RzkvzrvzsWgtOcXMMfyB8/kDScuORQ==</latexit>
⇠
<latexit sha1_base64="Il4eTZ1Gl9OHNJ20i62zG2KdCus=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8eKpi20oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8PxzcxvP3JtRKIecJLyIKZDJSLBKFrpvvck+tWaW3fnIKvEK0gNCjT71a/eIGFZzBUySY3pem6KQU41Cib5tNLLDE8pG9Mh71qqaMxNkM9PnZIzqwxIlGhbCslc/T2R09iYSRzazpjiyCx7M/E/r5thdB3kQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSF4yy+vktZF3XPr3t1lreEWcZThBE7hHDy4ggbcQhN8YDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A1Z7jcM=</latexit><latexit sha1_base64="Il4eTZ1Gl9OHNJ20i62zG2KdCus=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8eKpi20oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8PxzcxvP3JtRKIecJLyIKZDJSLBKFrpvvck+tWaW3fnIKvEK0gNCjT71a/eIGFZzBUySY3pem6KQU41Cib5tNLLDE8pG9Mh71qqaMxNkM9PnZIzqwxIlGhbCslc/T2R09iYSRzazpjiyCx7M/E/r5thdB3kQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSF4yy+vktZF3XPr3t1lreEWcZThBE7hHDy4ggbcQhN8YDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A1Z7jcM=</latexit><latexit sha1_base64="Il4eTZ1Gl9OHNJ20i62zG2KdCus=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8eKpi20oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8PxzcxvP3JtRKIecJLyIKZDJSLBKFrpvvck+tWaW3fnIKvEK0gNCjT71a/eIGFZzBUySY3pem6KQU41Cib5tNLLDE8pG9Mh71qqaMxNkM9PnZIzqwxIlGhbCslc/T2R09iYSRzazpjiyCx7M/E/r5thdB3kQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSF4yy+vktZF3XPr3t1lreEWcZThBE7hHDy4ggbcQhN8YDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A1Z7jcM=</latexit><latexit sha1_base64="Il4eTZ1Gl9OHNJ20i62zG2KdCus=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8eKpi20oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8PxzcxvP3JtRKIecJLyIKZDJSLBKFrpvvck+tWaW3fnIKvEK0gNCjT71a/eIGFZzBUySY3pem6KQU41Cib5tNLLDE8pG9Mh71qqaMxNkM9PnZIzqwxIlGhbCslc/T2R09iYSRzazpjiyCx7M/E/r5thdB3kQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSF4yy+vktZF3XPr3t1lreEWcZThBE7hHDy4ggbcQhN8YDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A1Z7jcM=</latexit>
Optimal solution is x = 1 with value -1.46, convex combination of y1 = 1 and y2 = 1.
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